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Abstract
Let E a real reflexive Banach space which admits a weakly sequentially continuous duality map-
ping from E to E∗, and K be a closed convex subset of E which is also a sunny nonexpansive
retract of E, and T :K → E be nonexpansive mappings satisfying the weakly inward condition and
F(T ) = ∅, and f :K → K be a fixed contractive mapping. The implicit iterative sequence {xt } is
defined by for t ∈ (0,1)
xt = P
(
tf (xt ) + (1 − t)T xt
)
.
The explicit iterative sequence {xn} is given by
xn+1 = P
(
αnf (xn) + (1 − αn)T xn
)
,
where αn ∈ (0,1) and P is sunny nonexpansive retraction of E onto K . We prove that {xt } strongly
converges to a fixed point of T as t → 0, and {xn} strongly converges to a fixed point of T as αn
satisfying appropriate conditions. The results presented extend and improve the corresponding results
of [H.K. Xu, Viscosity approximation methods for nonexpansive mappings, J. Math. Anal. Appl. 298
(2004) 279–291].
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1. Introduction and preliminaries
Let E be a real Banach space and let J denote the normalized duality mapping from E
into 2E∗ given by
J (x) = {f ∈ E∗: 〈x,f 〉 = ‖x‖‖f ‖, ‖x‖ = ‖f ‖}, ∀x ∈ E,
where E∗ denotes the dual space of E and 〈·,·〉 denotes the generalized duality pairing. In
the sequel, we shall denote the single-valued duality mapping by j , and denote F(T ) =
{x ∈ E: T x = x}. When {xn} is a sequence in E, then xn → x (respectively xn ⇀ x,
xn
∗
⇀ x) will denote strong (respectively weak, weak∗) convergence of the sequence {xn}
to x. In Banach space E, the following result (the Subdifferential Inequality) is well known
[1,9]: ∀x, y ∈ E, ∀j (x + y) ∈ J (x + y), ∀j (x) ∈ J (x),
‖x‖2 + 2〈y, j (x)〉 ‖x + y‖2  ‖x‖2 + 2〈y, j (x + y)〉. (1.1)
Let E be a real Banach space and T a mapping with domain D(T ) and range R(T )
in E. T is called nonexpansive (respectively contractive) if for any x, y ∈ D(T ), such that
‖T x − Ty‖ ‖x − y‖
(respectively ‖T x − Ty‖  β‖x − y‖ for some 0 < β < 1). If I denotes the identity
operator and T is a contractive mapping, the following inequality holds [3]:〈
(I − T )x − (I − T )y, j (x − y)〉 (1 − β)‖x − y‖2. (1.2)
Let K be a closed convex subset of a uniformly smooth Banach space E, T :K → K
a nonexpansive mapping with F(T ) = ∅, f :K → K a contraction. Then for any t ∈ (0,1),
the mapping
T
f
t :x → tf (x) + (1 − t)T x
is also contraction. Let xt denote the unique fixed point of T ft . In [3], H.K. Xu proved that
as t ↓ 0, {xt } converges to a fixed point p of T that is the unique solution of the variational
inequality〈
(I − f )u, j (u − p)〉 0 for all p ∈ F(T ).
H.K. Xu also propose the following explicit iterative process {xn} given by
xn+1 = αnf (xn) + (1 − αn)T xn,
and prove that the explicit iterative process {xn} converges to a fixed point p of T .
In this paper, our purpose is to prove that in reflexive Banach space E which admits
a weakly sequentially continuous duality mapping from E to E∗, for nonexpansive nonself-
mapping T , both {xt } defined by (1.3) and {xn} defined by (1.4) strongly converges to a
fixed point of T , which generalizes and improves several recent results. Particularly, it
extends and improves Theorems 4.1 and 4.2 of [3].
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is single-valued. In this case, the duality mapping J is strong-weak∗ continuous [1,8]. If
C and D are nonempty subsets of a Banach space E such that C is nonempty closed
convex and D ⊂ C, then a mapping P :C → D is called a retraction from C to D if P is
continuous with F(P ) = D. A mapping P :C → D is called sunny if
P
(
Px + t (x − Px))= Px, ∀x ∈ C,
whenever Px + t (x − Px) ∈ C and t > 0. A subset D of C is said to be a sunny nonex-
pansive retract of C if there exists a sunny nonexpansive retraction of C onto D. For more
details, see [1,2,6,8]. The following lemma is well known [1,4].
Lemma 1.1. Let C be a nonempty convex subset of a smooth Banach space E, D ⊂ C,
J :E → E∗ the (normalized) duality mapping of E, and P :C → D a retraction. Then the
following are equivalent:
(i) 〈x − Px, j (y − Px)〉 0 for all x ∈ C and y ∈ D;
(ii) P is both sunny and nonexpansive.
Let C is nonempty convex subset of a Banach space E. Then for x ∈ C, we define the
inward set IC(x) as follows [6,8]:
IC(x) =
{
y ∈ E: y = x + λ(z − x), z ∈ C and λ 0}.
A mapping T :C → E is said to be satisfying the inward condition if T x ∈ IC(x) for
all x ∈ C. T is also said to be satisfying the weakly inward condition if for each x ∈ C,
T x ∈ IC(x) (IC(x) is the closure of IC(x)). Clearly C ⊂ IC(x) and it is not hard to show
that IC(x) is a convex set as C does. Using above these results and definitions, we can
easily show the following lemma.
Lemma 1.2. Let E be a real smooth Banach space, and C be a nonempty closed convex
subset of E which is also a sunny nonexpansive retract of E, and T :C → E be mapping
satisfying the weakly inward condition, and P be a sunny nonexpansive retraction of E
onto C. Then F(T ) = F(PT ).
Proof. Let x ∈ F(T ). Then x = T x ∈ C. By P sunny nonexpansive retraction of E
onto C, we get Px = PT x = x. Next, we show F(PT ) ⊂ F(T ). Let x ∈ F(PT ). Since
x = PT x and P is sunny nonexpansive retraction of E onto C, by Lemma 1.1 we have〈
T x − x, j (y − x)〉 0, ∀y ∈ C.
On the other hand, T x ∈ IC(x) by the weakly inward condition. Hence for each integer
n 1, there exists zn ∈ C and λn  0 such that the sequence
yn := x + λn(zn − x) → T x (n → ∞).
Since
0 λn
〈
T x − x, j (zn − x)
〉= 〈T x − x, j(λn(zn − x))〉= 〈T x − x, j (yn − x)〉.
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letting n → ∞, we have
‖x − T x‖2 = 〈T x − x, j (T x − x)〉= lim
n→∞
〈
T x − x, j (yn − x)
〉
 0
hence x = T x. The proof is complete. 
Let E be a real Banach space, K be nonempty closed convex subset of E which is also
a sunny nonexpansive retract of E, and T :K → E be nonexpansive nonself-mapping. For
any fixed contractive mapping f :K → K and each t ∈ (0,1), we consider the following
mapping T ft on K given by
T
f
t x = P
(
tf (x) + (1 − t)T x), ∀x ∈ K,
where P is a sunny nonexpansive retraction of E onto K . It is easily known that T ft is
contractive mapping from K into K . Using the Banach contraction principle, there exists
a unique fixed point xt of T ft in K , i.e.,
xt = P
(
tf (xt ) + (1 − t)T xt
)
. (1.3)
We also can define the following explicit iterative sequence:
{
x0 ∈ K,
xn+1 = P(αnf (xn) + (1 − αn)T xn), (1.4)
where αn ∈ (0,1).
If Banach space E admits sequentially continuous duality mapping J from weak topol-
ogy to weak star topology, then by [5, Lemma 1], we get that duality mapping J is
single-valued. In this case, duality mapping J is also said to be weakly sequentially con-
tinuous, i.e., for each {xn} ⊂ E with xn ⇀ x, then J (xn) ∗⇀ J(x) [4,5,7].
A Banach space E is said to be satisfy Opial’s condition if for any sequence {xn} in E,
xn ⇀ x (n → ∞) implies
lim sup
n→∞
‖xn − x‖ < lim sup
n→∞
‖xn − y‖, ∀y ∈ E with x = y.
By [5, Theorem 1], we know that if E admits a weakly sequentially continuous duality
mapping, then E satisfy Opial’s condition. For more details, see [5].
In the sequel, we also need the following lemma that can be found in the existing liter-
ature [4, Lemma 2]:
Lemma 1.3. Let C be a nonempty closed convex subset of a reflexive Banach space E
which satisfies Opial’s condition, and suppose T :C → E is nonexpansive. Then the map-
ping I − T is demiclosed at zero, i.e.,
xn ⇀ x, xn − T xn → 0 implies x = T x.
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Lemma 2.1. Let E be a Banach space, and K be nonempty closed convex subset of E
which is also a sunny nonexpansive retract of E. Suppose that T :K → E is a nonexpan-
sive mapping and f :K → K is fixed contractive mapping. For each t ∈ (0,1), let {xt } be
defined by (1.3) where P is a sunny nonexpansive retraction of E onto K . Suppose u ∈ K
is a fixed point of T , then
(i) 〈xt − f (xt ), j (xt − u)〉 0;
(ii) {xt } is bounded.
Proof. (i) As u is fixed point of T , we have
(1 − t)u + tf (xt ) = P
(
(1 − t)u + tf (xt )
)
,∥∥xt − [(1 − t)u + tf (xt )]∥∥= ∥∥P (tf (xt ) + (1 − t)T xt)− P ((1 − t)u + tf (xt ))∥∥
 (1 − t)‖T xt − u‖
 (1 − t)‖xt − u‖.
By (1.1) we have
∥∥xt − [(1 − t)u + tf (xt )]∥∥2
= ∥∥(1 − t)(xt − u) + t(xt − f (xt ))∥∥2
 (1 − t)2‖xt − u‖2 + 2t (1 − t)
〈
xt − f (xt ), j (xt − u)
〉
.
Hence
2t (1 − t)〈xt − f (xt ), j (xt − u)〉

∥∥xt − [(1 − t)u + tf (xt )]∥∥2 − (1 − t)2‖xt − u‖2  0,
i.e., 〈
xt − f (xt ), j (xt − u)
〉
 0.
(ii) Since for some β ∈ (0,1),
〈
f (xt ) − f (u), j (xt − u)
〉
 β‖xt − u‖2,〈
xt − f (xt ), j (xt − u)
〉= ‖xt − u‖2 + 〈u − f (u), j (xt − u)〉
+ 〈f (u) − f (xt ), j (xt − u)〉
 (1 − β)‖xt − u‖2 +
〈
u − f (u), j (xt − u)
〉
.
Using (i), we get
(1 − β)‖xt − u‖2 +
〈
u − f (u), j (xt − u)
〉
 0.
Therefore,
(1 − β)‖xt − u‖2 
〈
f (u) − u, j (xt − u)
〉

∥∥f (u) − u∥∥ · ‖xt − u‖. (2.1)
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‖xt − u‖ 11 − β
∥∥f (u) − u∥∥
so that {xt : 0 < t < 1} is bounded. The proof is complete. 
Theorem 2.2. Let E be a reflexive Banach space which admits a weakly sequentially con-
tinuous duality mapping J from E to E∗. Suppose K is a nonempty closed convex subset
of E which is also a sunny nonexpansive retract of E, and T :K → E is a nonexpansive
mapping satisfying the weakly inward condition and F(T ) = ∅. Let f :K → K be a fixed
contractive mapping from K to K . For t ∈ (0,1), let {xt } be defined by (1.3), where P is
a sunny nonexpansive retract of E onto K . Then as t → 0, xt converges strongly to some
fixed point p of T such that p is the unique solution in F(T ) to the following variational
inequality:〈
(I − f )p, j (p − u)〉 0 for all u ∈ F(T ).
Proof. Let u ∈ F(T ). By Lemma 2.1(ii), {xt : 0 < t < 1} is bounded, and hence, the
sets {T xt : t ∈ (0,1)} and {f (xt ): t ∈ (0,1)} are also bounded. From xt = P(tf (xt ) +
(1 − t)T xt ), we have
‖xt − PT xt‖ =
∥∥P (tf (xt ) + (1 − t)T xt)− PT xt∥∥

∥∥tf (xt ) + (1 − t)T xt − T xt∥∥
= t∥∥T xt − f (xt )∥∥→ 0 (t → 0).
This implies that
lim
t→0 ‖xt − PT xt‖ = 0.
We claim that the set {xt : t ∈ (0,1)} is relatively compact. Indeed, as E is reflexive, there
exists a weakly convergence subsequence {xtn} ⊆ {xt }, where {tn} is a sequence in (0,1)
that converges to 0 (n → ∞). Now we suppose xn := xtn and xn ⇀ p. Then using Lem-
mas 1.2 and 1.3, we get p = PTp = Tp. In (2.1), interchange p and u to obtain
‖xn − p‖2  11 − β
〈
f (p) − p, j (xn − p)
〉
.
Using j is weakly sequentially continuous, we get
xn → p as n → ∞.
We have proved that there exists a subsequence {xtn} of {xt : t ∈ (0,1)} that converges to
some fixed point p of T . To prove that the entire net {xt } converges to p, suppose that
there exists another sequence {xsk } ⊂ {xt } such that xsk → q , as sk → 0. Then we also
have q ∈ F(T ) (using limt→0 ‖xt − PT xt‖ = 0 and Lemma 1.2). Next we show p = q
and p is the unique solution in F(T ) to the following variational inequality:〈
(I − f )p, j (p − u)〉 0 for all u ∈ F(T ).
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and weakly sequentially continuous from E to E∗, for any u ∈ F(T ), by xsk → q (sk → 0),
we have∥∥(I − f )xsk − (I − f )q∥∥→ 0 (sk → 0),∣∣〈xsk − f (xsk ), j (xsk − u)〉− 〈(I − f )q, j (q − u)〉∣∣
= ∣∣〈(I − f )xsk − (I − f )q, j (xsk − u)〉+ 〈(I − f )q, j (xsk − u) − j (q − u)〉∣∣

∥∥(I − f )xsk − (I − f )q∥∥‖xsk − u‖
+ ∣∣〈(I − f )q, j (xsk − u) − j (q − u)〉∣∣→ 0 as sk → 0.
Therefore, noting Lemma 2.1(i), for any u ∈ F(T ), we get〈
(I − f )q, j (q − u)〉= lim
sk→0
〈
xsk − f (xsk ), j (xsk − u)
〉
 0.
Similarly, we also can show〈
(I − f )p, j (p − u)〉= lim
n→∞
〈
xtn − f (xtn), j (xtn − u)
〉
 0.
Interchange p and u to obtain〈
(I − f )q, j (q − p)〉 0.
Interchange q and u to obtain〈
(I − f )p, j (p − q)〉 0.
This implies that (using (1.2))
(1 − β)‖p − q‖2  〈(I − f )p − (I − f )q, j (p − q)〉 0.
We must have p = q . The proof is complete. 
In the proof of the following theorem, we also need the following lemma that can be
found in the existing literature [3,4].
Lemma 2.3. Let {an} be a sequence of nonnegative real numbers satisfying the property
an+1  (1 − γn)an + γnβn, n 0,
where {γn} ⊂ (0,1) and {βn} ⊂R such that
(i) limn→∞ γn = 0 and ∑∞n=0 γn = ∞,
(ii) either ∑∞n=0 |γnβn| < +∞ or lim supn→∞ βn  0.
Then {an} converges to zero, as n → ∞.
Theorem 2.4. Let E be a reflexive Banach space which admits a weakly sequentially con-
tinuous duality mapping J from E to E∗. Suppose K is a nonempty closed convex subset of
E which is also a sunny nonexpansive retract of E, and T :K → E is a nonexpansive map-
ping satisfying the weakly inward condition and F(T ) = ∅. Let {xn} be defined by (1.4),
where P is a sunny nonexpansive retract of E onto K , and αn ∈ (0,1) satisfy the following
conditions:
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(ii) ∑∞n=0 αn = ∞,
(iii) either ∑∞n=0 |αn+1 − αn| < +∞ or limn→∞ αnαn+1 = 1.
Then xn converges strongly to a fixed point p of T such that p is the unique solution in
F(T ) to the following variational inequality:〈
(I − f )p, j (p − u)〉 0, ∀u ∈ F(T ).
Proof. First we show that {xn} is bounded. Take u ∈ F(T ). It follows that
‖xn+1 − u‖ =
∥∥P ((1 − αn)T xn + αnf (xn))− Pu∥∥

∥∥(1 − αn)T xn + αnf (xn) − u∥∥
 (1 − αn)‖T xn − u‖ + αn
(∥∥f (xn) − f (u)∥∥+ ∥∥f (u) − u∥∥)
 (1 − αn)‖xn − u‖ + αn
(
β‖xn − u‖ +
∥∥f (u) − u∥∥)
= (1 − (1 − β)αn)‖xn − u‖ + αn∥∥f (u) − u∥∥
max
{
‖xn − u‖, 11 − β
∥∥f (u) − u∥∥
}
.
By induction,
‖xn − u‖max
{
‖x0 − u‖, 11 − β
∥∥f (u) − u∥∥
}
, n 0,
and {xn} is bounded, so are {T xn} and {f (xn)}. We claim that
xn+1 − xn → 0 as n → ∞. (2.2)
Indeed we have (for some appropriate constant M > 0)
‖xn+1 − xn‖
= ∥∥P (αnf (xn) + (1 − αn)T xn)− P (αn−1f (xn−1) + (1 − αn−1)T xn−1)∥∥

∥∥αnf (xn) + (1 − αn)T xn − (αn−1f (xn−1) + (1 − αn−1)T xn−1)∥∥

∥∥(1 − αn)(T xn − T xn−1) + (αn − αn−1)(f (xn−1) − T xn−1)∥∥
+ αn
∥∥f (xn) − f (xn−1)∥∥
 (1 − αn)‖xn − xn−1‖ + M|αn − αn−1| + βαn‖xn − xn−1‖
= (1 − (1 − β)αn)‖xn − xn−1‖ + M|αn − αn−1|
= (1 − (1 − β)αn)‖xn − xn−1‖ + (1 − β)αn
(
M
1 − β
∣∣∣∣1 − αn−1αn
∣∣∣∣
)
.
By conditions (ii) and (iii), we have
∞∑
(1 − β)αn = ∞,
∞∑
M|αn − αn−1| < +∞,
n=0 n=0
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n→∞
M
1 − β
∣∣∣∣1 − αn−1αn
∣∣∣∣= 0.
Therefore, by Lemma 2.3 we have ‖xn+1 − xn‖ → 0, as n → ∞. We now show that
‖xn − PT xn‖ → 0. (2.3)
In fact,
‖xn+1 − PT xn‖ =
∥∥P (αnf (xn) + (1 − αn)T xn)− PT xn∥∥

∥∥αn(f (xn) − T xn)∥∥.
So it follows from (2.2)
‖xn − PT xn‖ ‖xn − xn+1‖ + ‖xn+1 − PT xn‖
 ‖xn − xn+1‖ + αn
∥∥f (xn) − T xn∥∥→ 0 (n → ∞).
Let p = limt→0 xt , where {xt } is defined by (1.3). By Theorem 2.2 we get that p is the
unique solution in F(T ) to the following variational inequality:〈
(I − f )p, j (p − u)〉 0 for all u ∈ F(T ). (2.4)
We next show that
lim sup
n→∞
〈
f (p) − p, j (xn − p)
〉
 0. (2.5)
Indeed, we can take a subsequence {xnk } of {xn} such that
lim sup
n→∞
〈
f (p) − p, j (xn − p)
〉= lim
k→∞
〈
f (p) − p, j (xnk − p)
〉
.
We may assume that xnk ⇀ x∗ by E reflexive and {xn} bounded. It follow from Lem-
mas 1.3, 1.2 and (2.3) that x∗ ∈ F(T ) = F(PT ). Hence by (2.4) and the duality mapping
J is weakly sequentially continuous from E to E∗, we obtain
lim sup
n→∞
〈
f (p) − p, j (xn − p)
〉= 〈f (p) − p, j(x∗ − p)〉 0.
Finally we show that xn → p. As a matter of fact,
xn+1 −
(
αnf (xn) + (1 − αn)p
)= (xn+1 − p) − αn(f (xn) − p).
By (1.1) we have
‖xn+1 − p‖2 =
∥∥xn+1 − (αnf (xn) + (1 − αn)p)+ αn(f (xn) − p)∥∥2

∥∥xn+1 − P (αnf (xn) + (1 − αn)p)∥∥2
+ 2αn
〈
f (xn) − p, j (xn+1 − p)
〉
 (1 − αn)2‖T xn − p‖2 + 2αn
〈
f (xn) − f (p), j (xn+1 − p)
〉
+ 2αn
〈
f (p) − p, j (xn+1 − p)
〉
 (1 − αn)2‖xn − p‖2 + 2αn
∥∥f (p) − f (xn)∥∥‖xn+1 − p‖
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〈
f (p) − p, j (xn+1 − p)
〉
 (1 − αn)2‖xn − p‖2 + αn
(∥∥f (p) − f (xn)∥∥2 + ‖xn+1 − p‖2)
+ 2αn
〈
f (p) − p, j (xn+1 − p)
〉
.
Therefore,
(1 − αn)‖xn+1 − p‖2 
(
1 − 2αn + α2n
)‖xn − p‖2 + αnβ2‖xn − p‖2
+ 2αn
〈
f (p) − p, j (xn+1 − p)
〉
,
‖xn+1 − p‖2 
(
1 − 1 − β
2
1 − αn αn
)
‖xn − p‖2 + α
2
n
1 − αn ‖xn − p‖
2
+ 2αn
1 − αn
〈
f (p) − p, j (xn+1 − p)
〉
 (1 − γn)‖xn − p‖2 + λγnαn
+ 2
1 − β2 γn
〈
f (p) − p, j (xn+1 − p)
〉
,
where γn = 1−β21−αn αn and λ a constant such that λ > 11−β2 ‖xn − p‖2. Hence,
‖xn+1 − p‖2  (1 − γn)‖xn − p‖2
+ γn
(
λαn + 21 − β2
〈
f (p) − p, j (xn+1 − p)
〉)
. (2.6)
It is easily seen that γn → 0,∑∞n=1 γn = ∞, and (noting (2.5))
lim sup
n→∞
(
λαn + 21 − β2
〈
f (p) − p, j (xn+1 − p)
〉)
 0.
Using Lemma 2.3 onto (2.6), we conclude that xn → p. 
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